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MINIMALLY PROJECTIVELY EMBEDDABLE STEINER 
SYSTEMS* 
Lynn Margaret BATTEN 
University of Winnipeg, 515 Portage Avenue, Canada R3B 2E9 
Dedicated to Haim Hanani on his seventy-fifth birthday. 
We study Steiner systems which embed “in a minimal way” in projective planes, and 
consider connections between the automorphism group of the Steiner systems and correspond- 
ing planes. Under certain conditions we are able to show (see Theorem 2) that such Steiner 
systems are either blocking sets or maximal arcs. 
1. Introduction 
A Steiner system S = S(2, k, v) is an ordered pair (P, B) where P is a finite set 
of v elements called points, B is a set of subsets of size k 2 2, of P, called blocks, 
such that two points are on a unique block. S is trivial if IBI s 1. 
Let b = (BJ and let r be the number of blocks per point. It follows that 
v - 1 = r(k - 1) and vr = bk. Thus a necessary condition for the existence of 
Steiner systems S(2, k, v) is that v - l=O(modk - 1) and v(v - 
l)=O(modk(k- 1)) [9]. H anani proved that these congruences are together 
sufficient in case k = 3, 4 or 5 [lo, 111. 
A projective plane is a Steiner system S(2, q + 1, q2 + q + 1) for q 2 2. Here q 
is called the order of the projective plane. If S is a projective plane, we normally 
refer to its blocks as lines. 
It appears to be the case that the majority of Steiner systems embed in 
projective planes [2]. In this article, we are interested in those Steiner systems 
which embed in a ‘minimal’ way, as defined in the next section, and in the 
resulting relationships between the automorphism groups acting on the two 
structures. Clearly, if a Steiner system S embeds in a projective plane n which in 
turn embeds in a second projective plane 17’, there need be no connection 
whatsoever between the automorphism groups of S and Z7’. Thus some notion of 
fl ‘lying minimally’ in S is crucial if we expect to be able to say anything at all 
about the connections between the two structures. 
We shall need the following definitions. 
A subset of the points of a projective plane fl which is met by every line of n 
but which itself contains no line of 17, is called a blocking set. 
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A subset of the points of a projective plane II which is met by every line of IT 
in either 0 or a constant k points, but which contains more than k points of II, is 
called a maximal arc. It is obvious that a maximal arc forms a non-trivial Steiner 
system S(2, k, v) and that a Steiner system in II is a maximal arc if and only if 
r = 4 + 1, where q is the order of 17. 
For more information on blocking sets and maximal arcs, we refer the reader to 
the book [14] by Hirschfeld. 
Our main results are presented in Theorems 1, 2 and 3. 
2. The setting 
We wish to consider the situation of a Steiner system embedded in a ‘smallest 
possible’ projective plane. The definition we give below assumes conditions on a 
Steiner system S which allow us to construct such a projective plane on S. 
A Steiner system S = S(2, k, v) is minimally projectively embeddable (an 
mpe-system) if for some integer q, 
(i) S is equipped with a non-empty family 9 of sets of blocks, each containing 
a set of 22 mutually non-intersecting blocks such that any two non- 
intersecting blocks of S occur in precisely one element of 9. If L E F E 9, 
we write F E L and say that F “belongs to”, “is in”, or “is on”, L; 
(ii) 191+v=q’+q+l; 
(iii) for any distinct elements x and y of 9 U P, there is a unique set X of q + 1 
elements of 9 U P including x and y, with the property that for each block 
L of S, precisely one of the following holds: L GX; there is a unique 
element of X on L. 
If S is an mpe-system, we shall often refer to it more precisely as the pair 
(S, 9), where 9 is the family described in (i). 
We say (S, S) embeds minimally in the projective plane 17 if S is an 
mpe-system which is a restriction of II to some subset of its point set, and if for 
all points x E II\S, there is a unique element F E 9 such that the blocks of F are 
precisely the restrictions of the lines of 17 on x to the points of S. 
The following facts are immediate from the above definitions: S contains 
non-intersecting blocks and so if S embeds minimally in II, S is non-trivial and S 
cannot equal 17; every point of II\S is on at least two lines of II which have 
restrictions to blocks of S. 
Proposition 1. Let IT be a projective plane of order q and S = (P, B) a Steiner 
system which is a restriction of II to a point-set P of Il. Suppose that each point of 
II\S is on at least two lines which restricted to S are blocks of S. Then S is an 
mpe-system provided with the family 9 corresponding to the points of IT\S, and 
(S, 9) embeds minimally in IT. 
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Theorem 1. Let (S, 9) be an mpe-system for some integer q. Then there is up to 
isomorphism a unique projective plane 17 of order q such that S embeds minimally 
in II. 
Proof. Consider the system IZ = (9 U P, .Z’), where 9 is the set of all (q + 1)-sets 
defined in (iii). Clearly II is a Steiner system S(2, q + 1, q2 + q + 1) and so a 
projective plane of order q. We need to check that the restriction to P of a line of 
II which contains at least two points of P is a block of S. Let x and y be points of 
the line t in II which are also in P. Then there is a block L of S on x and y. By 
(iii), L G &. Conversely, using (iii), any block ,L of S is a subset of a unique line e 
of II. 
To show that n is unique, suppose (S, 9) embeds minimally in both fll and 
IIZ. Define a map @ from II1 to II, as follows. We may identify S in both planes, 
so that $(x) = x for all x E S. This induces a map on blocks of S and so on lines of 
II, which have restrictions to blocks of S. So for x E II,\S, since by (i), x is on at 
least two elements of some F E 9, we may define @(x) to be the intersection in 
HZ of the image of the elements of F. Thus $ is well-defined on all points of fll. 
It remains only to check that for an arbitrary line e of 17,, the set {@(x), x E e} is 
a line of IIZ. But this follows easily from the definition given in (iii). Thus 4 is an 
isomorphism between 27, and HZ. Cl 
We call the plane II of Theorem 1 the minimal projective extension of (S, 9). 
If (S, 9) embeds minimally in fl, and e is a line of II, we call e respectively a 
secant, tangent, or exterior line, if it has k, 1 or 0 points in common with S. 
Examples 
1. Any maximal arc different from II embeds minimally in II. In particular, if 
S is an affine plane this is well known. If nhas order q and S is a (q + 1)-arc 
(oval) in 17 if q is odd, or a (q + 2)-arc (hyperoval) in n if q is even [14], 
then S embeds minimally in 17 by Proposition 1. 
2. S = AG(2,3) embeds minimally in n = PG(2,4) in such a way that each 
point of 17\S is the intersection of precisely two secants of fl[17]. 
In each of the above examples, the elements of 9 have the same size. When 
this is the case, it is possible to compute this constant as a function of q, r and k, 
as we show in the next proposition. 
Proposition 2. Let (S, 9) embed minimally in l7 such that each point of II\S is 
on the same number c of secants of II. Then c = (r(q + 1 - k)(rk -r + l))/ 
(k(q’+ q - rk + r)). In particular, S is a maximal arc if and only if c = v/k = 
q + 1 - q/k; thus, in this case, k 1 q. 
Proof. Counting in two ways flags (p, f), p a point of fl\S and e a secant, gives 
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b(q + 1 - k) = c(q* + q + 1 - v). Then using vr = bk and v - 1 = r(k - 1) gives 
the value for c. Since S is a maximal arc precisely when r = q + 1, substituting this 
value in the equation for c yields c = v/k = q + 1 - q/k. 0 
3. Automorphisms 
In this section, we shall concentrate on the connections between the groups of 
automorphisms acting on S and those acting on 17, where S embeds minimally in 
17. It is clear that interesting results will be obtained only when we consider 
automorphisms of S which can be extended to automorphisms of II. In order to 
ensure that this is the case, we shall subject (S, 9) to the following condition. 
(E) Let (S, 9) b e an mpe-system, and let G be a subgroup of Aut(S). Then for 
allFE$andgEGwehaveg(F)E.% 
Proposition 3. Let (S, 9) be an mpe-system satisfying (E) for some subgroup G 
of Aut(S). Then G extends to a subgroup G* of Aut(II), where I7 is the minimal 
projective extension of (S, 9), such that each element of G* restricted to S is an 
element of G. 
Proof. Let g E G. Define g* = g on points of S. For x E fl\S such that x 
corresponds to F E 9, define g*(x) to be the point of 17\S corresponding to 
g(F) E 9. By (E), g* is well-defined. Let e be an arbitrary line of fl, and consider 
g*(t) = {g*(x) I x E l}. To show that g*(e) is a line of 17, it suffices by the proof 
of Theorem 1 and by (iii) to show that for any secant 4 of 17, either R = g*(8) or 
JR ng*(l)] = 1. But {g(L) 1 L a block of S} = {L 1 L a block of S}, and since for 
any secant R of 17, either R = e or ]R fl e] = 1, the result follows. Cl 
It is now trivial to show that G* = {g* 1 g E G} forms a group. 
A number of results exist in the literature classifying Steiner systems with 
automorphism groups satisfying certain kinds of transitivity conditions. We 
mention two of the important ones here, commenting on minimal embeddability 
and whether or not (E) holds for some subgroups of Aut(S). The reader is 
referred to [l, 2,7] for more results on transitivity of Steiner systems, as well as 
the pertinent definitions. 
Kantor [15]. If S is a Steiner system with automorphism group 2-transitive on 
points, then S is one of 
(a) a Desarguesian affine or projective space (in the latter case, two points per 
line are allowed), 
(b) an Hermitian or Ree unital, 
(c) the Hering affine plane of order 27 [12] or the near-field affine plane of 
order 9, 
(d) one of two Steiner systems S(2, 9, 93) due to Hering [13]. 
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For a discussion of and examples of projective and therefore also affine spaces 
embedded (not necessarily minimally) in projective planes, we refer the reader 
to [3]. 
Any Hermitian unital H = S(2, q + 1, q3 + 1) embeds minimally in PG(2, q*) 
and forms a blocking set there. The number of secants of each point of U\H is 
q2 - q [4]. It is known that the Ree unitals S(2, q + 1, q3 + 1) cannot be 
embedded in any projective plane of order q* [16]. 
The affine planes of (c) are of course, minimally projectively embeddable. We 
know nothing about minimal embeddability of the systems in (d). 
Delandtsheer [8]. If S is a Steiner system with automorphism group transitive on 
pairs of intersecting lines and transitive on pairs of non-intersecting lines, then S 
is a Desarguesian affine plane, a Desarguesian projective space, or a complete 
graph. 
We shall see in Theorem 2 of the next section that if S is an mpe-system 
satisfying (E) and the conditions of Delandtsheer’s theorem, then S is either a 
maximal arc or a blocking set. If S is an affine or Desarguesian subspace of n, 
we again refer to [3]. If S is a complete graph and r = q + 1, then S is a hyperoval 
as in Example 2. S cannot be both a complete graph and a blocking set in n. 
It is clear that there is a connection between the way an automorphism of S acts 
on non-intersecting blocks of S and the way an extension of this automorphism to 
a projective plane U on S would act on the point of intersection of these two 
blocks in n. In fact, we have easily the following result. 
Proposition 4. Let G be a subgroup of Aut(S), (S, 9) an mpe-system embedding 
minimally in II, and satisfying (E). Then vo* = vo + I{orbits of G on unordered 
pairs of non-intersecting blocks of S}l, where vo denotes the number of point 
orbits of G in S, and vc. denotes the number of point orbits of G* in IT. 
Corollary. Let G satisfy the conditions of Proposition 4, and in addition, be 
homogeneous on pairs of non-intersecting blocks of S. Then vcie = vo + 1. 
For the proof of the next theorem we use the following result Block [.5]. Let G 
be a subgroup of Aut(S), S a Steiner system. Let vC and 6, be respectively the 
number of point and of line orbits of S under G. Then vG < bo. Moreover, 
Brauer [6], if v = b then vG = bo. For proofs of these results see [4]. 
Theorem 2. Let G be a subgroup of Aut(S), (S, 9) minimally embeddable in IT 
and satisfying (E). Suppose also that G is transitive on blocks of S and 
homogeneous on pairs of non-intersecting blocks of S. Then vo* = bow = 2 and S is 
either a maximal arc or a blocking set. 
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Proof. G line transitive implies G point transitive by Block’s result. So 
2rc = bo = 1. By the corollary to Proposition 4 and again using Brauer, 
VG’ - hoe = 2. 
Thus the lines of 17fall into two orbits under G*. Clearly secants form a single 
orbit. The other orbit therefore consists either entirely of tangents or entirely of 
exterior lines. In the former case, S is a blocking set; in the latter, r = q + 1 and S 
is a maximal arc. Cl 
Delandtsheer [B] proved as a preliminary step in her result mentioned above, 
that if G is a subgroup of Aut(S) for a Steiner system S which is transitive on 
pairs of intersecting blocks and on pairs of non-intersecting blocks, then G is 
2-transitive on points of S. A major question is what can be said with only the 
assumption of transitivity on pairs of (non-) intersecting blocks. 
If in addition to the assumptions of Theorem 2, the numbers of points of S and 
17are coprime, we are able to say more, as we show in the final result. 
Theorem 3. Let S and G satisfy the conditions of Theorem 2. Suppose in addition 
that (v, q2 + q + 1) = 1, q the order of II. Then G is flag-transitive on S, and S is 
not a blocking set. 
Proof, Let p E S and consider the stabilizer G,* of p in 17. For x .$ S, we have 
(G*] = I{g(p) (g E G*}l * IG,*l = v ]Gp*] = v (&I lG,*,,], where Q is the orbit under 
G,*ofxinl7. 
Similarly, ]G*] = (q* + q + 1 - v) IGzl = (q*+ q + 1 - v) IAl IG&J, where A is 
the orbit of p under G: in II. 
So v IQ1 = (q* + q + 1 - v) JAI. But (v, q* + q + 1) = 1 implies 152) = q* + q + 
1 - v, and so Sz = II\ S. Thus G,* is transitive on l7\S. 
Now consider flags (p, L) and (p’, L’) of S. Since k = q + 1 would contradict 
S #U, we know that each block of S has at least one point in II\S. It follows 
from the above that for any p E S, G,* is transitive on lines through p. Hence 
there exist maps g, E G,* taking (p, L) to (p, pp’), pp’ the line on p and p’, 
g,E G* taking (p,pp’) to (p’, g*(pp’)), where g2(pp’) is a line on p’, and 
g, e G;, taking (p’, g2(pp’)) to (p’, L’). The composition of these three maps 
gives the desired result. 
Suppose now that S is a blocking set. Then, since there are no exterior lines, 
counting lines of Z7 in two different ways yield q* + q + 1 = b + v(q + 1 - r) = 
v(r/k+q+l-r). So (v,q2+q+1)=1 implies q2+q+1)r+qk+k-rk. If 
r = q + 1, then S is a maximal arc and hence not a blocking set. So r < q. If 
k = q, then also r = q and we get q2 + q + 1 [2q, a contradiction. So k < q - 1, 
implying q2 + q + 1 s q* + q - 1 - rk, again a contradiction. Ei 
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